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Formal Languages with Quantifiers

In order to add the power of quantification to our ability torqmite the meaning of sentences, our
formal language?’ needs to have two new connectivesiraversal quantifier v (which translates
to every each all, etc. in English) and aexistential quantifier 3 (which translates t@ some
(at least) ongetc. in English). In additionZ needs to haveariables like X, y, andz (which can
sometimes translate to pronouns in English). With new camepts available to build to sentences,
a new definition of a WFF is required. We begin by definiognula in .Z:

(1) If 13,...,1, aren terms (individual constants and variables) aRds ann-place pred-
icate letter, therP1y ... 1y is a formula. (In the special case where- 0, P by itself
is a formula, known as aatomic formula. In the special case whekReis the identity
predicate=, by conventiony; = 1, is a formula.)

(2) If pis any formula, thermg is also a formula.

(3) If g andy are any formulas, thetp A @), (Vv ), (¢ — @), and(@ « ) are also
formulas. (Note that sincg andy can be any formulas, we could reverse our choices,
which meansthatiy A @), (YA @), (Y — @), and(Y < @) are all necessarily formulas
as well.)

(4) If pis any formula andis a variable, thei’xg and3xy are both formulas.

(5) Anything that cannot be generated by (1)—(4) in a finitenhar of steps is not a for-
mula.

For any quantified formula of the forivixg or Ix@, ¢ is called thescopeof the quantifier. If a
variablex is not within the scope of a quantifigx or 3x (with a matching variable marker), then
the variable is said to bieee. If the variablex is free in the formulap, then in a quantified formula
like Wx¢@ or Ix@, x is said to beébound by the quantifiei’x or 3x. A well-formed formula (WFF)
(or sentencgin .Z is any formula which has no free variables; that is, all Valga in a WFF must
be bound. For example:

not a WFF not a WFF WFF
scope ofvx scope ofdy scope ofvx
—_——
VX(PXATy) A—FXx Jy (PXATY) A=Fx vx (Jy (PXATY) A—FX)
N——
T T T T scope ofdy
free free free free

The Interpretation of Formal Languages with Predicates

To calculate the valuation of a quantified sentence in a nidele need to extend the definition of
Vi to give values for the sentencesp and3xg.

Vit (VX@) = 1 iff Viu([a/X]@) = 1 for all individual constants in .Z
w(7¢) = 0 iff Viu([a/X]¢) = O for at least one individual constamtin .

Vit (3x@) = 1 iff Viu([a/X]@) = 1 for at least one individual constamtin .
MEEXQI=1 0 iff Vi ([a /x]@) = O for all individual constants in .

We use the notatiofor /X @ to indicate replacement of every instance of the varialiethe formula
with the individual constantr. For example, ifp is the formulaPy A Fby, then[c/y]@ would be the
sentencé>c A Fbc, with all occurrences of replaced byc.



This extension to the definition &f; assumes that every entity # has a name i assigned to

it withn M by the interpretation function. That is, for every entitythere is an individual constant
a in .Z such that (a) = €. A stronger definition for the valuation of quantified semesican be
created to account for models in whighcontains entities that do not have a namgirassigned to
them byl (this stronger definition basically allows the nameles#iestto be temporarily assigned
names). For simplicity, we will not use any models with nassslentities, so we won't need the
stronger definition.

Examples with Quantification

g: Garfield r: Ren Ax: xis an animal Mx : X is a mouse
Z: j @ Jerry p: Pluto Cx:xis a cat Tx: x can talk
m: Mickey s: Scratchy Dx: xis a dog Fxy: x is is friends withy
I(g) = GARFIELD I(r) = REN
M- 9 — GARFIELD, JERRY, MICKEY, 1(j) = JERRY I(p) = PLUTO
REN, PLUTO, SCRATCHY
[(m) = MICKEY [(s) = SCRATCHY
GARFIELD, | REN,
(A)=2 (€)= {SCRATCHY (D) = {PLUTO}
JERRY MICKEY,
(M) = { X } I(T)= REN,
MICKEY
SCRATCHY
I(F) = (REN, SCRATCHY), (SCRATCHY, REN), (REN, JERRY), (JERRY, REN),
~ | (PLuTO,MICKEY), (MICKEY,PLUTO), (JERRY,MICKEY), (MICKEY, JERRY)
(1) Dogs and cats are animals. (12) Atalking dog is friends with a cat.
(2) Dogs are not cats. (13) No talking dog is friends with a cat.
(3) Renis friends with a mouse. (14) Some talking dog is friends with a talking cat.
(4) Renis friends with all mice. (15) No talking dog is friends with a talking cat.
(5) Renisn't friends with any mice. (16) Some talking dog is friends with no talking cats.
(6) A dogis friends with Scratchy. (17) Every talking dog is friends with a talking cat.

(7) No dogis friends with Scratchy. (18) Renis friends with a cat’s friend.

(8) Some dogis friends with a cat. (19) Renis friends with a cat’s talking friend.

(9) Nodogis friends with a cat. (20) Ren is friends with someone else’s friend.

(10) Some dog is friends with no cats.  (21) Renis no one’s friend.

(11) Every dogis friends with a cat. (22) Every cat is friends with someone.



Calculation ofvy;(22):

Vi (YX(Cx — 3yFxy)) = 1 iff Vig(Ca — JyFay) = 1, for all individual constantsr in .. That
is, in order to prove that (22) is true, we would need to shost @ — JyFay is true for every
possible replacement fer, which is all of the individual constantg j, m, r, p, ands.

Conversely, we could prove instead that (22) is false by figdit least one individual constant to
substitute fora that will makeCa — JyF ay be false. By inspection of the model, we can tell that
there is exactly one individual constant that makes thisesere falseg, because Garfield is the only
cat that isn't friends with anyone. So, we need todet g, and show tha€g — JyFgy is false to
show that (22) is also fals&(Cg — JyFgy) = 0 iff Viy(Cg) = 1 andVyy(3yFgy) = 0. Let's show
each of these in order.

First, Vi1 (Cg) = 1 iff 1(g) € I(C), which is the case iff GRFIELD € | (C). This is indeed the case,
soVy(Cg) = 1. Call this resul@.

Next, Vir (3yFay) = 0 iff Viy(EgB) = 0, for all individual constant$ in .. That is, we need to
show that-gp is false for every possible replacement gnwhich is all of the individual constants
g, j, mr, p, ands. (B is used here to avoid confusion with the previous

We start withB = j. Vir(Fgj) =0iff (I(g),1(])) €1(F), which s the case iff GARFIELD, JERRY) ¢
I(F). This is indeed the case, ¥g;(Fgj) =0

NextisB = m. Vi (Fgm) =0 iff (1(g),I(m)) & I(F), which is the case iffGARFIELD, MICKEY) ¢
I(F). This is indeed the case, ¥g;(Fgm) = 0.

(This must be repeated for each@ft=r, B = p, B =s, and ever = g' In each case, we would
show thatvy(FgB) =0.)

SinceVyr(FgB) = 0, for all individual constantg in ., thenVy(3yFgy) = 0. Call this resul@.

From we havevy(Cg) = 1, and frorr@ we havevy(3yFgy) = 0, soVi(Cg — 3JyFgy) =0,
which means thaty (Ca — JyF ay) = O for at least one individual constamin . (namely,a = g).
Thus Vi (VX(Cx — JyFxy)) =0.

Final Reminders about Quantification

Existential quantification usually translates inf§ with an obligatory conjunctiom\, while uni-
versal quantification usually translates intd with an obligatory material implicatior>, with the
quantified predicates (thestriction) appearing in the antecedent of the material implication.

Proving an existentially quantified sentence true is easl.ydu have to do is find one single
individual constant that makes the sentence true in the m¥de are very likely going to be asked
to do this many times. However, proving an existentiallymifeed sentence false is hard. You have
to prove that it is false for every single individual condtanthe language. Unless the model is
small, you will usually not be asked to give calculations fiooving the falsity of an existentially
guantified sentence.

In contrast, proving a universally quantified sentencesfi@dseasy. All you have to do is find one
single individual constant that makes the sentence falfleeirmodel. You are very likely going to
be asked to do this many times. However, proving a universplhntified sentence true is hard.
You have to prove that it is true for every single individuahstant in the language. Again, unless
the model is small, you will usually not be asked to give chlttans for proving the truth of a
universally quantified sentence.



Two Sample Proofs

For both of these theorems, assume thandQ are unary predicates i, and thatVl is a model
of . with a domainZ and an interpretation functidn

Theorem: If I(P) N1(Q) = @ thenVy (3x(PxA Qx)) = 0.

Proof: LetI(P)N1(Q) = @. The intersectiom(P)N1(Q) is the set that contains all entities that are
each members of botliP) andI (Q). Since the empty set has no members, there is no entity that is
a member of the intersection bfP) andl (Q), which means that there is no entity that is a member
of bothl(P) andl (Q).

Vi (3X(Px A Qx)) = 0 iff Vig(Pa AQa) = O for all individual constants, including a completely
arbitrary constan@r. Vg (Pa A Qa) = 0 iff Vi (Pa) = 0 orViy(Qa) = 0, which happens iff (a) ¢
[(P)orl(a) €1(Q). Letl(a) = € be whatever entitgr happens to refer to i (we assume that all
individual constants do in fact have a valid interpretatioavery model). TheRy (Ex(Px/\ Qx)) =

0iff eZ1(P)ore £1(Q).

For any given entity like and any given set lik&(P), we have two cases to consider: € | (P)
and (2)e € | (P).

Consider case (1), in whiche I(P). Since no entity can be a member of botR) andl (Q), we

know thate ¢ 1(Q). This satisfies the second conditio, Ao we know tha¥y (Pa AQa) =0
in case (1).

Consider case (2), in which¢ I (P). This satisfies the first condition ‘ 0 we also know that
Vi (Pa AQa) = 0 in case (2).

Thus, in both possible cases stemming from our assumpti@necessary fovi; (Pa A Qa) = 0.
Since our choice ofr was arbitrary (nothing in this proof depends on special pridgs ofa), this
means thaty;(Pa A Qa) = 0 for all choices ofa, which means thaty (EX(PXA Qx)) =0.

Theorem: If I (P) U1(Q) = Z thenVy (Vx(PxV Qx)) = 1.

Proof: Letl1(P)UI(Q) = 2. The unionl (P) UI(Q) is the set that contains all entities that are each
members of eithelr(P) or I (Q). SinceZ contains all entities, every entity is a member of the union
of 1(P) andl (Q), which means that every entity is a member of eitl{€) or 1 (Q).

Vi (YX(Px Vv Qx)) = 1 iff Vig(Pa v Qa) = 1 for all individual constants, including a completely
arbitrary constantr. Vi (Pa v Qa) = 1 iff Viy(Pa) = 1 orVy(Qa) = 1, which happensiff(a) €
I(P)orl(a) € l(Q). Letl(a) = £ be whatever entitgyr happens to refer to ibl. ThenVyy (Vx(PxV
QX)) =1iff ecl(P)oreel(Q).

We have two cases to consider: €1§ | (P) and (2)e & | (P).

Consider case (1), in which € | (P). This satisfies the first condition ‘ so we know that
Vi (Pa v Qa) = 1in case (1).

Consider case (2), in which¢ | (P). Since every entity must be a member of eitH&) or 1 (Q), we

know thate € 1(Q). This satisfies the second conditio,Ao we know thaVy(Pa v Qa) = 1
in case (2).

Thus, in both possible cases stemming from our assumpti@necessary fovi; (Pa v Qa) = 1.
Since our choice ofr was arbitrary, this means thé;(Pa v Qa) = 1 for all choices ofa, which
means tha¥ (Vx(PxV Qx)) = 1.



