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These rules rely on using all the previous lines in the argumeg . ... Xj plus one new assumption
@, entered into the argument within a subargument. Wjile.., x; are part of the main argument,
@ is not. It is a hypothetical conjecture, and the subarguﬁtﬁJMNs the logical consequences
of seeing what can be derived by temporarily pretending ¢heduld have been part of the main
argument.
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Any line from any argument (main or sub) may be used to justifipe in a lower subargument, no
matter how deeply embedded, as long as the argument thedinescfrom has not yet reached its
conclusion. However, once a subargument has reached ittusoon, all of its lines are completely
inaccessible and cannot be used to justify a later line. 1@ike, we could simply assume anything
we wanted, and then repeat it later in the main argument!

It's possible to use these rules without any previous lined aln this way, we can derive tautologies
with no assumptions in the main argument. For example, wskawt- ¢ — @ and- (@ A —@):
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|—/CP is often used to create the implications needed for tikde€V and CD. While +/CP can

in principle be used to set up the usage of MP, note that it dvoat actually be necessary, since in
order for MP to work, you would need to be able to dergvas a line in the main argument already,
so there would be no point in assuming it as the premise of argument.

I-/RAA (also known as “proof by contradiction”) is one of the staseful, all-purpose logical rules.
Whenever you find yourself stuck in a logical argument, youaaays use RAA by assuming the
negation of what you are actually trying to prove. The résglargument may end up being longer
and more convoluted than what might have otherwise beenssagg but it may often be more
obvious how to proceed when you are using RAA, especiallyndrened with equivalence laws.



Equivalence Laws (not in Gamut)

Two sentenceg andy arelogically equivalent if Vi (@) = Vi () for all modelsM. We can write
@ = Y for short.

If =y, itis clear thatp = ¢ andy = ¢, since in any given moded andy are either both true
or both false. Because our system of natural deduction igtzimn(a result we have not proven but
are simply accepting as true), this means thaty andy - @, so we can always derive one from
the other in a logical argument. The following equivaleraxgd are common enough that they have
names:

DN || double negation equivalence law: Q=@
C commutative equivalence law: PAY=YAQ
PVY=yYVve
poY=deo

associative equivalence law:  (@AY)AX = QA (PAYX)
(pvy)vx=oVv(WVvx)

distributive equivalence law: @A (YV X) = (@AY)V(QAX)
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DeM || peMorgan's equivalence law: —(QAY) =@V Y
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contrapositive equivalence law: P—=PY=-yY— -

Exp exportation equivalence law: (QAY) > x=@— (Y —X)
(@A) = x=¢— (9= X)
ImpI implication equivalence law: o= Y=-QVvy
EC]UiV equivalence equivalence law: PP =(AY)V (—EA-Y)

It can be shown that ifp = ¢, and@ is a subformula of, thenx = [@/¢]x. That is, x’s truth
value will not change ifp is replaced byy. Given the completeness of natural deduction, these
equivalence laws can therefore be used to create new lings argument not only by operating
on an entire previous line, but also by replacing jugiaat of a previous line. For example, if
Ix(Px— =(QxARX)) is aline in an argument, then DeM allows us to defixé¢Px — (-QxV —Rx))

on a later line. The proof that we can make equivalence repiaats within a line is a bit complex,
especially since we need to take into account the posgibiliteplacing a non-WFF that contains
variables.



