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Recall that two sentencgsand( are defined as logically equivalemt € @) whenVy (@) =V ()
for all modelsM. The following equivalence law shows the connection betwbe two quantifiers
and negation:

QN quantifier negation equivalence law (cf. p.100)33ve = Yv-¢@
Vv =3v-@
wherev is any variable

As with other equivalence laws, QN can be used to derive a imanrl argument, even by replacing
only a part of a previous line, becauseif , andg is a subformula of, theny = [/ ¢]x.

There are also four rules of natural deduction allowing far introduction and elimination of
and3. The first two rules listed below follow straightforwardigofn the obvious meanings of the
quantifiers and the connection between variables and theiiconstants:

introduction rule for3, introduction rule forv,

a.k.a, existential generalization a.k.a, universal instantiation
[a/v]pt Jve, where Yvot [a/v]e, where
a is any individual constant, and a is any individual constant, and
wherev is any variable (p.142) wherev is any variable (p.142-143)
i [a/v]e i Vv
i 3ve I3/EG,i i la/vie EVIULI

IF/EG allows us to introducé by existentially generalizing over a given individual ctarg. This

is because a sentence that is true for a specific entity idralsdor someentity. For example, from
Hp, we can derivelxHx, as well asiyHy, 3zHz, etc. (for example, if Pat is happy, then someone
must be happy).

Any number of occurrences of the same constant can be etédlggeneralized with one use of
IF/EG because the existential quantifier is being introdusetbaving occurrences of the individual
constant will still result in a WFF. For exampla A Qa can be generalized &x(PxA Qa), Ix(PaA
Qx), and3x(Px A Qx). We can also generalize over different occurrences of time sanstant with
different uses of 3/EG. For examplePa A Qa can be generalized a&x(Px A Qa), which can then
be generalizedy3x(PxA Qy).

EV/UI allows us to eliminate/ by instantiating a universally quantified variable as argividual
constant of our choice. This is because a universally giiesientence is true for all entities, so it
is true foranyentity we choose. For example, frorrHX, we can derivéd p, as well aH /¢, He, Hf,
etc. (for example, if everyone is happy, then Pat must beyyasgmust Lee, Chris, Frankie, etc.).

Every occurrence of the universally quantified variable nbesinstantiated with each use of e,
because the universal quantifier is being eliminated, sor@amaining occurrences of the variable
would be free which would not result in a WFF. For examePx A Qx must be instantiated as
Pa Qa (or PbAQb, etc.), not asaA Qx or PxA Qa.



The next two rules require arbitrary individual constant, which means that the constant cannot
appear in certain positions in previous lines of the argumen

introduction rule forv, a.k.a universal generalization

[a/v]@F Vv, a is an arbitrary individual constant that does not appear in
or in any accessible assumption for lineand wherev is any variable (p.143)

i [a/vig

i v  IVIUG,i

IV/UG allows us to introduc& by universally generalizing over an arbitrarily chosenividlal
constant. This is because a sentence that is true for anaayténtity is also true foall entities. For
example, if we can derivelp just as easily asi/¢, Hc, Hf, etc., for any individual constant, then
we can deriveyxHx (for example, if an arbitrarily chosen person is happy, teeeryone must be

happy).

Every occurrence of the arbitrary individual constant mhestuniversally generalized at the same
time. For examplePa A Qamust be generalized &(PxA Qx), not asvx(PaA Qx) or Vx(PxA Qa).

IV/UG is typically used after having used rules like/BIl, |-/RAA, |1 —/CP, or EFSQ, since these
rules allow for the creation of new sentences containinghaitrary constant.

elimination rule for3, a.k.a existential instantiation

Jve,[a/v]e — Y+ P, wherea is an arbitrary individual constant that does not appear
in ¢, in Y, orin any accessible assumption for lineand wherev is any variable (p.145)

i vy
i [a/ve—w

K o EJEL |, j

EJ/El is similar in concept to E, allowing us to eliminaté indirectly through use of an implication.
This is because an existentially quantified sentence iftnsome entity, and if an arbitrary choice
of entity leads to a certain outcome, then that outcome maustue. For example, if we can derive
IxHx, and if we can derivélp — W just as easily asl/ —W, Hc — W, Hf — W, etc., then we can
deriveW (for example if someone is happy, and the world is a bettezepiban arbitrarily chosen
person is happy, then the world must be a better place).

Every occurrence of the arbitrary individual constant maestexistentially instantiated in the an-
tecedent of the implication, because the existential dii@ms being eliminated, so remaining occur-
rences of the variable would be free which would not resudtViFF. For exampléx(PxA Qx) must
be instantiated adaA Qa) — R (or (Pb A Qb) — R, etc.), not agPaA Qx) — Ror (PxA Qa) — R.

EJ/El is typically used after having used rules like/Bl, | -/RAA, | —/CP, or EFSQ to derive the
required implication, since these rules allow for the doradf new sentences containing an arbitrary
constant. Note thath/CP is particularly designed for deriving an implicatioa jsis usually a good
choice for trying to derive the implication required fosfEl.



