Homework #1: Propositional L ogic Fall 2009

LING 230

solutions

Problem 1: Truth Tables.
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Problem 2: Equivalence.

b. —P is logically equivalent td® A P.
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c. PAQis logically equivalent tdP A Q) A (P A Q).

0 0
P Q

d. PV Qis logically equivalent tdP A P) A (Q A Q).

P Q|((PaP)a(PAP)

e. P — Qis logically equivalent to
(PaAP)A(PAP)A(QAQ)
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P — Qis also logically equivalent to the much shortera Q) A P



As for P < Q, it is logically equivalent to both of these monstrous seoéss:
((((PA P)2(QaQ)a(PaP)a@aq))a((PaP)a@aq)a(PaP)a (QAQ))>>
2 ((Pr@a(PaQ)a(PsQs(PsQ))
((((PA P)a(PaP)s(QaQ)s(((RaQAQAQ)APA P)))
s ((((PA P)2(PAP)2(QsQ)a((QQ2(QaQ)APA P)))
But using the shorter rewrite f&t — Q, we can rewritd® <+ Q with only 11 triangles!
((PsQaP) s (QaP)aQ)s((PaQsP)a((QsP)sQ))

Problem 3: Trandation.

a X—=-SVG
Y- TS
Z-T—-G
s 6 T|-s(V)c|-T(=\s|T(>)-c
V1 1 1]ol1l [0 l1 010
V, |1 1 ololal 1|1 110 <WX)=Va(Y) =Vu(z) =1
vs|1 0 1|0 ol |o |1 101
Val1 0 ololol| |1 |1 101
Velo 1 1|1 1| o |1 olo
Velo 1 o|1l2| 110 110
w100 1/111| o |1 11 <wX) =va(Y)=\(z) =1
Ve[o o of1 1) |1 (o 1)1

b. X, Y, andZ are all true at the same time only in valuatioissandV;. In each of the other
valuations, at least one of, Y, or Z is false. The truth values & in these two valuations are
V,(S) = 1 andV4(S) = 0. Since Sharpay’s scheme was unsucceséfid) = 0 (which is equivalent
to V(—S) = 1). This means that only valuatiory satisfies the required conditions, and in this
valuationV7(G) = 0 andV(T) = 1. So, if we know thaX, Y, andZ are all true and th&8is false,
then we also know that Gabriella was not given a gift, and Tidytap-dance with his team.

c. The sentenceSA (-G A T) satisfies the required conditions. It contains exactly ors¢ance

of each of the atomic sentenc8sG, andT (and no others), it is not a tautology because there are
valuations in which is it false (for example, valuatidy), and it is logically consistent witi, Y, Z,
and—S, because there is a valuation in which all of these five seeteare true (valuatiovy).

S G T|-S[A)(-GAT)
Vi1 1 1[0 |00 0
V|1 1 olo|olo o
Vs/1 0 1]lofo| 1 1
Vi1 0 olofol1 o
Vs|0 1 1|1 |0l o0 o
Ve|0 1 ol1 |0l o o
Vo o 1|1 |11 1
V[0 0 of1l0) 1 0

Other sentences satisfying these conditions include wang@rmutations liké—-SA -G) AT and
—GA(=SAT), as well as more complex sentences kgSv G) v —T).



