LING 230 Homework #4: Natural Deduction Fall 2009

solutions
Problem 1: Short logical arguments. Problem 2: Longer logical argument.
a.1 X<«'Y assumption 1 -AAB assumption
2 X=Y E,l 2 C—»-B assumption
3 Y=>X E«,l 3 C+D assumption
4 X—=X HS 23 4 (EvB)— (-DVA) assumption
5 X&X 1,44 5 B En, 1
6 EVB Iv,5
b.1 PAQ assumption 7 -DVA E—/MP, 4,6
2 Q EA, 1 8 -A EA, 1
3 QVP 1Iv,2 9 -D DS, 7,8
10 -C—D E<, 3
c.1 J—-K assumption 11 --C MT, 10, 9
2 K assumption 12 C -—-, 11
3 J MT, 1, 2 13 -B E—/MP, 2,12
4 -IN-K IA3,2 14 Av-B v, 13
d.1 (QbcAQca)A—-Qbc assumption
2 —-Qbc EA, 1
3 QbcAQca EA, 1
4 Qbc EA, 3
5 1 E-, 2,4
6 —-Qac EFSQ, 5
e. 1 -3IxAax assumption
2 —VyEyevidxAax assumption
3 ~VyEye DS, 2,1

Problem 3: Proving semantic validity.

a. LetM be an arbitrary model in whicty (@ V @) = 1 andViy(—¢) = 1. SinceViy(oV ¢) = 1,
eitherViyr (@) = 1 orVir(¢) = 1. Call this disjunctive set of conditioASinceVM(ﬁw) =1,we
know thatVy () = 0. This contradicts the second conditio, Ao the first condition must be

the case. Thud/y (@) = 1, and thereforep Vv ¢, = |= @ in M. But sinceM is an arbitrary model,
we have shown thap Vv ¢, = = ¢ for any model, which means that DS is semantically valid.

b. LetM be an arbitrary model in whicty (¢ — ) = 1 andViy(—) = 1. SinceVy (¢ — ¢) = 1,
eitherViyr (@) = 0 orVir () = 1. Call this disjunctive set of conditioASinceVM(ﬁw) =1,we
know thatVy () = 0. This contradicts the second conditio, Ao the first condition must be
the case. Thud/y (@) = 0, which mean¥yy(—@) = 1 in M. But sinceM is an arbitrary model, we
have shown thap — /,—~ = —¢ for any model, which means that MT is semantically valid.

c. LetM be an arbitrary model in whickhy(@V ¢) = 1, V(@ — x) =1, andVy (¢ — x) = 1.

SinceViy (@ V @) = 1, eitherviy (@) = 1 or V() = 1. Call this disjunctive set of conditioA
SinceViy (@ — x) = 1, eithervy (@) = 0 orVy(x) = 1. Call this disjunctive set of conditioB
SinceViyr (¢ — x) =1, eitheviyr (@) = 0 orViy(x) = 1. Call this disjunctive set of conditio.C

Supposeé/y(x) = 0. This contradicts the second condition in eac@aﬁd, which means
the first condition in both must be the case. Thg(¢@) = 0 andViy () = 0. But this contradicts
both of the conditions i@ leaving us with no possible outcome. This means our supposhat
Vi (x) = 0 must be wrong, sy (x) = 1 in M. But sinceM is an arbitrary model, we have shown
thatpVv @, ¢ — x, Y — x = x for any model, which means that/Es semantically valid.



